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Introduction. 

In the papers [DKl-2],[DKPl-2] the quantized enveloping algebras introduced by Drin- 
feld and Jimbo have been studied in the case q = e, a primitive l-th root of 1 with / odd 
(cf. §2 for basic definitions). Let us only recall for the moment that such algebras are 
canonically constructed starting from a Cartan matrix of finite type and in particular we 
can talk of the associated classical objects (the root system, the simply connected algebraic 
group G, etc.). For such an algebra the generic (resp. any) irreducible representation has 
dimension equal to (resp. bounded by) where is the number of positive roots and the 
set of irreducible representations has a canonical map to the big cell of the corresponding 
group G. 

In this paper we analyze the structure of some subalgebras of quantized enveloping 
algebras corresponding to unipotent and solvable subgroups of G. These algebras have the 
non-commutative structure of iterated algebras of twisted polynomials with a derivation, 
an object which has often appeared in the general theory of non-commutative rings (see 
e.g. [KP], [GL] and references there). In particular, we find maximal dimensions of their 
irreducible representations. Our results confirm the validity of the general philosophy that 
the representation theory is intimately connected to the Poisson geometry. 

§1. Twisted polynomial rings. 

1.1. In this section we will collect some well known definitions and properties of twisted 
derivations. 

Let A be an algebra and let a be an automorphism of A. A twisted derivation of A 
relative to cr is a linear map D : A — > A such that: 

D{ab) = D{a)b + a{a)D{b). 



Example. An element a G A induces an inner twisted derivation adaa relative to a 
defined by the formula: 

{adcra)b = ab — a{b)a. 

The following well-known fact is very useful in calculations with twisted derivations. 
(Here and further we use the usual "box" notation: 



n 



q — q~ 
q-q- 



n ! 



[l][2]...[n] 



m 
n 



[m] [m — 1] ... [m — 71 + 1] 



One also writes [nj^, etc. if q is replaced by q'^ 
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Proposition. Let a & A and let a be an automorphism of A such that a{a) = q^a, where 
q is a scalar. Then 



j 



Proof. Let and Ra denote the operators of left and right multiphcations by a in A. 
Then 

adatt = La- Racr. 
Since La and Ra commute, due to the assumption a{a) — q^a we have 

LaiRaCr) = q~'^{RaCr)La. 

Now the proposition is immediate from the following well-known binomial formula applied 

to the algebra End A. 

Lemma. Suppose that x and y are elements of an algebra such that yx — q^xy for some 
scalar q. Then 



{x + yr = J2 



j 



Proof is by induction on m using 



m 
J-1 



m 
3 



m + 1 
j 



which follows from 



q\a] + q-''[b] = [a + b]. □ 



Let £ be a positive integer and let g be a primitive ^-th root of 1. Let ^' = £ if ^ is odd 
and = |£ if £ is even. Then, by definition, we have 



for all j such that < j < £' . 



This together with Proposition 1.1 implies 

Corollary. Under the hypothesis of Proposition 1.1 we have: 

{adfjaY {x) = X — {x)a^ if q is a primitive £-th root of 1. 

Remark. Let D be a twisted derivation associated to an automorphism a such that 
aD = q^Da. Then by induction on m one obtains the following well-known qf-analogue of 
the Leibnitz formula: 
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3=0 

It follows that if g is a primitive i-th. root of 1, then is a twisted derivation associated 
toa^'. 

1.2. Given an automorphism a of A and a twisted derivation D of A relative to cr we 
define the twisted polynomial algebra Acj^d[x\ in the indeterminate x to be the F-module 
A ®F ¥[x] thought as formal polynomials with multiplication defined by the rule: 

xa = a{a)x + D{a). 

When D — we will also denote this ring by ^^[2^]. Notice that the definition has been 
chosen in such a way that in the new ring the given twisted derivation becomes the inner 
derivation ad^x. 

Let us notice that if a, 6 G A and a is invertible we can perform the change of variables 
y :— ax + b and we see that Acr^£)[a;] = A^^' ^u'ly]. It is better to make the formulas explicit 
separately when 6 = and when a = 1. In the first case yc = axe = a{a{c)x + D{c)) = 
a{a{c))a~^y + aD{c) and we see that the new automorphism a' is the composition {Ada)a, 

so that D' := aD is a twisted derivation relative to a'. Here and further Ada stands for 
the inner automorphism: 

{Ada)x = axa~^. 

In the case a = 1 we have yc = {x + b)c = a{c)x + D(h) + bc = cr{c)y + D{b) + bc — cr{c)b, 
so that D' = D + adfjb. Summarizing we have 

Proposition. Changing a,D to {Ada)a,aD (resp. to a, D + Df,) does not change the 
twisted polynomial ring up to isomorphism. □ 

We may express the previous fact with a definition: For a ring A two pairs (cr, D) and 
(cr', D') are equivalent if they are obtained one from the other by the above moves. 

If = we can also consider the twisted Laurent polynomial algebra Ao-[x, It is 

clear that if A has no zero divisors, then the algebras and a;"-*^] also have no 

zero divisors. 

The importance for us of twisted polynomial algebras will be clear in the section on 
quantum groups. 

1.3. We want to study special cases of the previous construction. 

Let us first consider a finite dimensional semisimple algebra A over an algebraically 
closed field F, let ©Fe^ be the fixed points of the center of A under a where the Cj are 

i 

central idempotents. We have D{ei) = -D(ef ) = 2D{ei)ei hence D{ei) = and, if x = xe^, 
then D{x) = D{x)ei. It follows that, decomposing A — (BAci, each component Aci is 

i 

stable under cr and D and thus we have 

Aa,D[^] = ®{Aei)^,D[x]. 

i 

This allows us to restrict our analysis to the case in which 1 is the only fixed central 

idempotent. 

The second special case is described by the following: 



qJi^-i)D'^-^{(7^x)D^{y). 
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Lemma. Consider the algebra A = with a the cyclic permutation of the summands, 
and let D he a twisted derivation of this algebra relative to a. Then D is an inner twisted 

derivation. 

Proof. Compute D on the idempotents: D[ei) — -D(e|) — D{ei){ei + CiJ^i) . Hence we must 
have Die-i) — aiCi — biSi^i and from = D{eiei+i) = D(ei)ej_|_i + ei_|_i-D(ej-|_i) we deduce 
bi = tti+i. Let now a = (ai, 02, . . . , a/-); an easy computation shows that D = ad^a. □ 

Proposition. Let a be the cyclic ■permutation of the summands of the algebra F®*^. Then 

(a) ¥®^[x^x~'^] is an Azumaya algebra of degree k over its center ¥[x^ ^x~^]. 

(b) R := ¥f^[x,x~^] <8)F[xfc,x-fc] F[a;,a;~-'^] is the algebra ofk x k matrices over¥[x,x~^]. 

Proof. It is enough to prove (b). Let u := x<Six~^, := 6^(8)1; we have u'' = x^®x~^ = 1 
and UBi = Bi-^iu. From these formulas it easily follows that the elements CiU^ {i,j = 
1, . . . ,k) span a subalgebra A and that there exists an isomorphism A^^^Mfc(F) mapping 
F®'^ to the diagonal matrices and u to the matrix of the cyclic permutation. Then R — 
A®-p^x,x-^]. □ 

1.4. Assume now that A is semisimple and that a induces a cyclic permutation of the 
central idempotents. 

Lemma, (a) A = Mrf(F)®'=. 

(b) Let D be a twisted derivation of A relative to a. Then the pair (a, D) is equivalent 
to the pair {a', 0) where 

(1.4.1) cr'(ai, a2, . . . , ak) = {ak, ai, 02, . . . , ak-i). 

Proof. Since a permutes transitively the simple blocks they must all have the same degree 
d so that A = Md{F)®^. Furthermore we can arrange the identifications of the simple 
blocks with matrices so that: 

cr(oi, 02, ... , Ofe) = (r(afe), ai, a2, . . . , afc-i), 

where r is an automorphism of Md(¥). Any such automorphism is inner, hence after 
composing cr with an inner automorphism, we may assume in the previous formula that 
T = 1. Then we think of A as Mrf(F) ® ¥®^ , the new automorphism being of the form 
1 (g) cr' where a' : F®^ F®^ is given by (1.4.1). 

We also have that Md(F) = A" and F®'^ is the centralizer of Next observe that 
D restricted to A'' is a derivation of Md(F) with values in ®^^^Md{¥), i.e., D{a) = 
(iI>i(o), 1)2(0), .. . j-Dfc(a)) where each Di is a derivation of Md(F). Since for Mrf(F) all 
derivations are inner we can find an element u E A such that D{a) = [tt, a] for all 
a e M^(F). So (-D — ad^u)(a) = [«, a] — {ua — a{a)u) = for a G A^ . Thus, chang- 
ing D by adding —adaU we may assume that D = on Md(F). 

Now consider b G F®^ and a G Md(F); we have D{b)a = D{ba) = D{ab) = aD{h). Since 
F®'^ is the centralizer of Md{¥) we have D{h) G F®'^ and D induces a twisted derivation 
of F®^. By Lemma 1.3 this last derivation is inner and the claim is proved. □ 

Summarizing we have 



SOME QUANTUM ANALOGUES OF SOLVABLE LIE GROUPS 



5 



Proposition. Let A be a finite- dimensional semisimple algebra over an algebraically closed 

field F. Let a be an automorphism of A which induces a cyclic permutation of order k of 
the central idempotents of A. Let D be a twisted derivation of A relative to a. Then: 

A^,d[x,x-^] ^ Md{F) ^F^^lx^x-^]. 

This last algebra is Azumaya of degree dk. 

1.5. We can now globalize the previous construction. Let A be a prime algebra (i.e. 
aAb =0, a, 6 e A, implies that o = or 6 = 0) over a field F and let Z be the center of A. 
Then Z is a domain and A is a torsion free module over Z. Assume that A is a finite module 
over Z. Then A embeds in a finite-dimensional central simple algebra Q{A) = A(E)z Q{Z), 

where Q{Z) is the ring of fractions of Z. If Q{Z) denotes the algebraic closure of Q{Z) 

we have that A ®z Q{Z) is the full ring Md{Q{Z)) oi d x d matrices over Q{Z). Then d 
is called the degree of A. 

Let a be an automorphism of the algebra A and let D be a twisted derivation of A 
relative to a. Assume that 

(a) There is a subalgebra Zq of Z, such that Z is finite over Zq. 

(b) D vanishes on Zq and a restricted to Zq is the identity. 

These assumptions imply that a restricted to Z is an automorphism of finite order. Let d 
be the degree of A and let k be the order of a on the center Z. Assume that the field F 
has characteristic 0. The main result of this section is: 

Theorem. Under the above assumptions the twisted polynomial algebra A(^^£)[x] is an 
order in a central simple algebra of degree kd. 

Proof. Let Z"^ be the fixed points in Z of cr. By the definition, it is clear that D restricted 
to Z'^ is a derivation. Since it vanishes on a subalgebra over which it is finite hence 
algebraic and since we are in characteristic zero it follows that D vanishes on Z'^ . Let us 
embed Z"^ in an algebraically closed field L and let us consider the algebra A^z" L. This 
algebra of course equals A<Siz Z^z" but clearly Z^z" L = L®^ and A®z L = Md{L). 
Thus we get that A ®z<^ L = ©^^j^Md(L). The pair a, D extends to A (8)^<t L and using 
the same notations we have that {A ^z" -^)c7,D[a^] = (^CT,£>[a;]) ^Z" L. We are now in the 
situation of a semisimple algebra which we have already studied and the claim follows. □ 

Corollary. Under the above assumptions, A^^oix] and Afj[x] have the same degree. 

Remark. The previous analysis yeilds in fact a stronger result. Consider the open set of 
Spec Z where A is an Azumaya algebra; it is clearly cr-stable. In it we consider the open 
part where a has order exactly k. Every orbit of k elements of the group generated by 
a gives a point F{p) in Spec Z'^ and A ®z Z ®z^ F{p) = ©iLiMd(F(p)). Thus we can 
apply the previous theory which allows us to describe the fiber over F{p) of the spectrum 
of Aa,D[x]. 

1.6. Let A be a prime algebra over a field F of characteristic 0, let be a set 
of generators of A and let Zq be a central subalgebra of A. For each i = 1, . . . ,k, denote 
by the subalgebra of A generated by a^i, . . . ,Xi, and let Zq = ZoHA^. We assume that 
the following three conditions hold for each i — 1, . . . ,k: 

(a) XiXj — bijXjXi + Pij if i > j, where bij e F, P^j e A^~^. 
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(b) A* is a finite module over Zq. 

(c) Formulas ai{xj) = bijXj for j < i define an automorphism of A'^~^ which is the 
identity on Zq~^. 

Note that letting Di{xj) = Pij for j < i, we obtain = j~,\xi\^ so that A is an 

itcratatcd twisted polynomial algebra. Note also that each triple (A*"^, cTj, Dj) satisfies 
assumptions 1.5(a) and (b). 

We may consider the twisted polynomial algebras ^* with zero derivations, so that the 
relations for j < i. We call this the associated quasipolynomial algebra 

(as in [DKl]). 

We can prove now the main theorem of this section. 

Theorem. Under the above assumptions, the degree of A is equal to the degree of the 
associated quasipolynomial algebra A. 

Proof. We use this following remark. If there is an index h such that the elements Pij = 

for all i > h and all j, then the monomials in the variables diff'erent from Xh form a 
subalgebra B and the algebra A is a twisted polynomial ring B^^j^[xh]- The associated 
ring B^[xh] is obtained by setting P^j — for all j. Having made this remark we see that 
we can inductively modify the relations 1.6(a) so that at the h-th. step we have an algebra 
A^ with the same type of relations but Pij = for all i > n — h and all j. Since A'^ and 
are of type B^^^dIx] and B(j[x] respectively we see, by Corollary 1.5, that they have 
all the same degree. □ 

§2. Quantum groups. 

2.1. Let (aij) be an indecomposable nxn Cartan matrix and let di, . . . ,dn be relatively 
prime positive integers such that dittij = djttji. Recall the associated notions of the weight, 
coroot and root lattices PjQ"^ and Q, of the root and coroot systems R and i?^, of the 
Weyl group W, the W^-invariant bilinear form (.|.), etc.: 

Let P be a lattice over Z with basis wi, . . . , and let = Homz(P, Z) be the dual 
lattice with the dual basis , . . . , cu^, i.e. {u>i, cuj) = Sij. Let P+ = Yl^=i Let 

n n 

p^^Ui, aj = ^OyWi (j = 1, . . . ,n), 
1=1 i=i 

and let Q = Yl^=i ^ ^ i — Sj=i 

Define automorphisms Sj of P by Si{u)j^ = Uj — Sijai {i,j = 1, . . . ,n). Then Si{aj) = 
Let W be the subgroup of GL{P) generated by si, Sn. Let 

n = {«!,... , a^}, = {a^, . . . , a^}, 
R = WU, R+ = Rn Q+, R^ = WW^. 

The map cti i — > a( extends uniquely to a bijectivc VF-cquivariant map a i — * between 
R and R^ . The reflection Sa deflned by Sq,(A) = X — {\,a^)a lies in W for each a e i?, so 
that Sf^^ ^ Si. 

Define a bilinear pairing P x Q — > Z by {uji\aj) = Sijdj. Then {ai\aj) = diGij, giving 
a symmetric Z- valued VF-invariant bilinear form on Q such that {a\a) G 2Z. We may 
identify with a sublattice of the Q-span of P (containing Q) using this form. Then: 
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a( = ^ai, = 2a/{a\a). 

One defines the simply connected quantum group U associated to the matrix {aij) 
as an algebra over the ring A := C[q,q~^^ {q'^^ — q~'^^)~^] on generators Ei,Fi {i = 
1, . . . ,n), Ka {a e P) subject to the foUowing relations (this is a simple variation of 
the construction of Drinfeld and Jimbo): 

iad^_^E,y-^^ Ej = 0, iad^_^F,y-^^ F^ = (z ^ j), 

where da = Ad K^. Recall that U has a Hopf algebra structure with comultiplication A, 
antipode S and counit r] defined by: 

AEi = Ei(^l + K^.(^ E^, AFi = Fi^ K-^^ + 1 ® F^, AK^ ^ K^® Ka, 
SE, = -K_^^E,, SF, - -FiKi, SK^ = 
r]Ei = 0, r]F, = 0, r]K^ = 1. 

Recall that the braid group associated to W, whose canonical generators one denotes 
by Tj, acts as a group of automorphisms of the algebra U ([L]): 

TiEi = 7 ^^—(ad^ (-E,))-'''^Ei, 

where k is a conjugate-linear anti-automorphism of ZY, viewed as an algebra over C, defined 
by: 

kEi = Fi, KFi = Ei, kKoc = K-a, Kq = q~^. 
2.2. Fix a reduced expression tuo = • • • Sijv of the longest element of W, and let 

/3i = Qlj,, /?2 = Sii(Q!j2), ... ,Pn = Si^. ..Si^_^{ai^) 

be the corresponding convex ordering of i?"*". Introduce the corresponding root vectors 
im = l,...,N) ([L]): 

= Tj. , . ,Tj , Ej , = Tj^ . . ,Tj Fa = kE^ 

Mm ''L I'm — I. t'm' Mm ^1 f"m — l '"m Hm 

(they depend on the choice of the reduced expression). 
For k = {ki, . . . , /cjv) G we let 

^fc ^^'^ j?^ kE^ 

/3i ■ ■ ■ /3jv ' 
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Lemma, (a) [L] The elements F^Kq^E^ , where k,r & 'Z^, a & P, form a basis ofU over 
A. 

(h) [LSJ For i < j one has: 
(2.2.1) Ep,E^. - q^^^^f^^Ep.E^, = ^kE\ 

where Ck G C[g, q~^] and ^ only when k = {ki, . . . , /cjv) is such that ks = for s < i 
and s > j . □ 

An immediate corollary is the following: 

Let w be any element of the Weyl group. Wc can choose for it a reduced expression 
w = Si-^^ . . . Si^ which we complete to a reduced expression wq — Si^^ . . . Sj^ of the longest 
element of W. Consider the elements Ep^, j — 1, . . . ,k. Then we have: 

Proposition, (a) The elements Ejs^, j — 1,... ,k, generate a subalgebra which is 
independent of the choice of the reduced expression of w. 

(b) If w' = ws with s a simple reflection and l{w') = l{w) + 1 = k + 1, then 
is a twisted polynomial algebra of type ni-Epk+i]' 'UJhere the formulas for a and D are 
implicitly given in the formulas (2.2.1). 

Proof, (a) Using the fact that one can pass from one reduced expression of w to another 
by braid relations one reduces to the case of rank 2 where one repeats the analysis made 
by Lusztig ([L]). (b) is clear by Lemma 2.2. □ 

The elements clearly normalize the algebras and when we add them to these 
algebras we are performing an iterated construction of Laurent twisted polynomials. The 
resulting algebras will be called B™. 

Since the algebras and B'^ are iterated twisted polynomial rings with relations of the 
type 1.6(a) we can consider the associated quasipolynomial algebras, and we will denote 

them by U and B . Notice that the latter algebras depend on the reduced expression 
chosen for w. Of course the defining relations for these algebras are obtained from (2.2.1) 
by replacing the right-hand side by zero. We could of course also perform the same 
construction with the negative roots but this is not strictly necessary since we can simply 
apply the anti-automorphism k to define the analogous negative objects. 

§3. Degrees of algebras and B"^ . 

3.1. We specialize now the previous sections to the case g = £, a primitive £-th root of 
1. Assuming that I' > max d^, we may consider the specialized algebras: 

i 

Ue = U/{q - £), - U^/{q - £), = B^/{q - £),etc. 

We have obvious subalgebra inclusions C C Ug. 

First, let us recall and give a simple proof of the following crucial fact [DKl]: 

Proposition. Elements E^ {a E R) and Kp {(3 E P) lie in the center of Us if > 
max|aij| (for any generalized Cartan matrix {aij)). 

Proof. The only non-trivial thing to check is that [Ef, Ej] = for i^ j. Prom the "Serre 
relations" it is immediate that {ada_^.EiY Ej = 0. Due to Corollary 1.1, this can be 
rewritten as 
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proving the claim. □ 

As has been aheady remarked, the algebras and Bf are iterated twisted polynomial 
algebras with relations of the type 1.6(a) . Proposition 3.1 shows that they satisfy conditions 
1.6(b) and (c). Hence Theorem 1.6 implies 

Corollary. Algebras andlA^ (resp. and B^ ) have the same degree. □ 

VJ ID 

3.2. We proceed to calculate the degrees of algebras and B^ . Recall that these 
algebras are, up to inverting some variables, quasipolynomial algebras whose generators 
satisfy relations of type XiXj = bijXjXi, i, j = 1, . . . , s, where the elements bij have the 
special form bij = e'^^^ , the Cij being entries of a skew-symmetric integral s x s matrix H. 
As we have shown in [DKP2, Proposition 2.2], considering H as the matrix of a linear map 

— > (7j/{i))^^ the degree of the corresponding twisted polynomial algebra is y/h, where 
h is the number of elements of the image of this map. 

Fix w E W and its reduced expression w = Si^ . . . Si^,. We shall denote the matrix H 

— w — vo 

for the algebras and B^ by A and S respectively. First we describe explicitly these 
matrices. 

Let d = 2 unless (a^j) is of type G2 in which case (i = 6, and let Z' = 'L[d~'^]. Consider 
the roots (3i,... ,Pk as in Section 2.2, and consider the free Z'-module V with basis 
ui, . . . ,Uk- Define on y a skew-symmetric bilinear form by 



Then A is the matrix of this bilinear form in the basis {ui}. Identifying V with its dual 
V* using the given basis, we may think of ^ as a linear operator from V to itself. 
Furthermore, 



where C is the n x k matrix {{u)i\Pj))i<i<n,i<j<k- We may think of the matrix C as a 
linear map from the module V with the basis tti, . . . ,Uk to the module ®z ^' with the 
basis ai, . . . , o:^. Then we have: 



Then lo - w{uj) = Y^tei^ 

Proof is by induction on the length of w. Write w — w'si^,. li k ^ I^^ then w{u)) — w'iui) 
and we are done by induction. Otherwise w{uj) = w'{u> — ctj^.) = w'{u!) — (3^ and again we 
are done by induction. □ 



Note that {1, 2, . . . , A;} = ULi Ico,- 

3.3. Consider the operators: M ^ {A -^C) and iV = (C 0) so that S = M ®N. 



{ui\uj) = {Pi\(3j) if z < j. 
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Lemma, (a) The operator M is surjective. 

(b) The vectors := {J2teinj '^t)~^~w{u}), as u> runs through the fundamental weights, 
form a basis of the kernel of M . 

(c) N{v^) =uj- w{uj) = Y.tei^ Pt- 

Proof, (a) We have by a straightforward computation: 

j<i j>i j 

-{P^\(3,)ui - 2 J2Wj>J + and M{ui + (3^) = - 2 

3>i j>i 

Since {l3i\/3i) is invertible in Z' the claim follows. 

(b) Since the n vectors v^j are part of a basis and, by (a), the kernel of M is a direct 
summand of rank n, it is enough to show that these vectors lie in the kernel. To check 
that M{vi_jJ = is equivalent to seeing that f;^. lies in the kernel of the corresponding 
skew-symmetric form, i.e. {uj\v^^) = for all j = 1, . . . , k. Recall that: 

{ui\uj) = ipilpj) Hi < j, {uj\p) = -iPjlP), peP. 

Using Lemma 3.2, = X^tej^ ('^t ~ l^t) — 2w{u) and we have 

(3.3.1) {ujM = Yl ("il^* - - 2(%X'^)) = 2X](/^ilA) + '^iPjM^i)) + 

te/„i t>j 

where aj = if j ^ 7^^. and aj = {Pj\Pj) otherwise. 

We proceed by induction on k — l{w). Let us write v^J^{w) to stress the dependence 
on w. For k = there is nothing to prove. Let w = w'si^ with l{w') = l{w) — 1. We 
distinguish two cases according to whether z = or not. 

Case 1) i 7^ ik-, i-e. k ^ I^-. 

We have I^jiiw) = I^^^iw') and wiui) = w'{uji) so that Vi^^{w) — f^^. (w') hence the claim 
follows by induction if j < A;. For j = k we obtain from (3.3.1): 

{uk\vuji) = 2{Pk\w{uJi)) = 2{w'{ai^)\w'{uJi)) = 2{ai^\uji) = 0. 

Case 2) ik = i so that w = w'si and w{u!i) = w'si{uji) = w'iuii) — w'{ai) — w'{u>i) — Pk- 
Then Vu,i{w) = v^niw') +Uk + Pk- For j < A; by induction we get: 

{ujM = {uj\uk) + {uj\pk) = {Pj\Pk) - iPjlPk) = 0. 
Finally if j = k we have: 

2{Pk\w{uJi)) + (PklPk) = 2{w'ai\w'{uj, - a^)) + {ai\ai) = 2{a,\ui) - {ai\a,) = 0. 

(c) Using (3.1.2 ), we have: N{v^) = Yltei^ Pt = ^ — from Lemma 3.2. □ 

3.4. In order to compute the kernel of S we need to compute the kernel of N on the 
submodule spanned by the vectors v^^^ . Let us identify this module with the weight lattice 
P by identifying f^. with Ui. By Lemma 3.3(c), we see that N is identified with the map 
1 — w : P ^ Q. At this point we need the following fact: 
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Lemma. Let 9 — XliLi ^i'^i highest root of the root system R. Let U' = U'\a^^ ^ . . . , o„ ^] , 

and let M' = M ®z Z', M" = M ®z for M = P or Q. Then for any w eW, the 
1>" -submodule (1 — w)P" of Q" is a direct summand. 

Proof. Recall that one can represent w in the form w = s-y^ . . . s-y^ where 71, . . . , 7m is a 
linearly independent set of roots (see e.g. [C]). Since in the decomposition 7^ = 'Yli'^i^l 
one of the is 1 or 2, it follows that {l — s^)P' = Z'7. Since 1—w = {l — s^^ . . . Sj^_j^)sj^ + 
(1 — s^^), we deduce by induction that 

m 

(3.4.1) {l-w)P' = J2^'^m 

i=l 

Recall now that any sublattice of Q spanned over Z by some roots is a Z-span of a set of 
roots obtained from 11 by iterating the following procedure: add a highest root to the set 
of simple roots, then remove several other roots from this set. The index of the lattice M 
thus obtained in M ®i Q fl Q is equal to the product of coefficients of removed roots in 
the added highest root. Hence it follows from (3.4.1) that 

((1 - w)p") ®z Q n = (1 - w)p", 

proving the claim. □ 

We call £ > 1 a good integer if it is relatively prime to d and to all the a^. 
Theorem. If £ is a good integer, then 

degi3^ = degB^ = £^(^("')+'^ank (!-«;))_ 

VJ 

Proof. Prom the above discussion we see that degi3g ~ where s = {i{w) + n) — {n — 
rank(l — w)), which together with Corollary 3.1 proves the claim. □ 

3.5. Wc pass now to . For this we need to compute the image of the matrix 
A. Computing first its kernel, we have that KerA is identified with the set of linear 
combinations for which ^^^(a;^ + w{u)i)) — i.e. CjWi G ker(l + w). This 

requires a case by case analysis. A simple case is when wq = —1, so that 1 + w = 
wo{—l + wqw) and one reduces to the previous case. Thus we get 

Proposition. If wq = —1 (i.e. for types different from An, -D2n+i and Eq) and if £ is a 
good integer, we have: 

degWf = degZ7^ = £i(^("')+rank(l+^i;)-n)_ 

Let us note the special case w = wq. Remark that defining *a; := —wo{u!) we have an 
involution uj ^uj on the set of fundamental weights. Let us denote by s the number of 

orbits of this involution. 

Theorem. If e is a primitive £-th root of 1, where £ is an integer greater than 1 and rela- 

N — s N-\-s 

tively prime to d, then the algebras and B'^° have degrees £~2— and £~^~ respectively. 

Proof. In this case 1{wq) — N and the maps u> —>■ u> + wo{u>) and u> ^ u> — wo{u>) are 
uj ^ uj — *u! and co ^ uj + and so their ranks are clearly n — s and s respectively. □ 
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§4. Poisson structure. 

4.1. Before we revert to the discussion of our algebras we want to make a general 
remark. Assume that we have a manifold M and a vector bundle V of algebras with 1 
(i.e., 1 and the multiplication map are smooth sections). We identify the functions on 
M with the sections of V which are multiples of 1. Let D he a, derivation of V, i.e., a 
derivation of the algebra of sections which maps the algebra of functions on M into itself 
and let X be the corresponding vector field on M. 

Proposition. For each point p & M there exists a neighborhood Up and a map (fit defined 
for \t\ sufficiently small on V\Up which is a morphism of vector bundles covering the germ 
of the 1-parameter group generated by X and is also an isomorphism of algebras. 

Proof. The hypotheses on D imply that it is a vector field on V linear on the fibers, 
hence we have the existence of a local lift of the 1-parameter group as a morphism of 
vector bundles. The condition of being a derivation implies that the lift preserves the 
multiplication section i.e. it is a morphism of algebras. □ 

We will have to consider a variation of this: suppose M is a Poisson manifold and 
assume furthermore that the Poisson structure lifts to V i.e. for each (local) function / 
and section s we have a Poisson bracket which is a derivation. This means that we have a 
lift of the Hamiltonian vector fields as in the previous proposition. We deduce: 

Corollary. Under the previous hypotheses, the fibers ofV over points of a given symplectic 

leaf of M are all isomorphic as algebras. 

Proof. The proposition implies that in a neighborhood of a point in a leaf the algebras are 
isomorphic but since the notion of isomorphism is transitive this implies the claim. □ 

4.2. Let us recall some basic facts on Poisson groups (we refer to [D], [STS], [LW] for 
basic definitions and properties). Since a Poisson structure on a manifold M is a special 
type of a section of A^T(M) it can be viewed as a linear map from T*{M) to T{M). The 
image of this map is thus a distribution on the manifold M. It can be integrated so that 
we have a decomposition of M into symplectic leaves which are connected locally closed 
submanifolds whose tangent spaces are the spaces of the distribution. In fact in our case 
the leaves will turn out to be Zariski open sets of algebraic subvarieties. 

For a group H the tangent space at each point can be identified to the Lie algebra f) 
by left translation and thus a Poisson structure on H can be given as a family of maps 
'■ i)* ^ i) as h & H . Let G be an algebraic group and H,K G G algebraic subgroups. 
We shall say that {G, H, K) form a Manin triple of algebraic groups if their corresponding 
Lie algebras (g, [),6) form a Manin triple, i.e., (cf. [D], [LW]) if g has a non-degenerate, 
symmetric invariant bilinear form with respect to which the Lie subalgebras () and t are 
isotropic and g = \) ® t (as vector spaces). Then it follows that we have a canonical 
isomorphism \)* = fi. Having identified f)* with t, the Poisson structure on H is thus 
described by giving for every h G H a linear map '■ t ^ I). 

Let X & t, consider x as an element of g, set tt : g — > f) to be the projection with kernel 
t Set: 

'fhix) = {Adh)n{Adh)~^{x). 

Then one can verify (as in [LW]) that the corresponding tensor satisfies the required 
properties of a Poisson structure. (In fact any Poisson structure on H can be obtained in 
this way.) 

Notice now that the (restriction of the) canonical map: 
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6: H^G/K 

is an etale covering of some open set in G/K. Thus for every point h & H wc can identify 
the tangent space to if in /i with the tangent space to G/K at 5{h). By using right 
translation we can then identify the tangent space to G/K at 5{h) with Q/[Adh)t^ the 
tangent space at h & H with f) by right translation and the isomorphism between them 
with the projection [) — » Q/{Adh)t. 

Using all these identifications one verifies that the map 7/1 previously considered is the 
map induced by differentiating the left i^-action on G/K. From this it follows: 

Proposition. The symplectic leaves for the symplectic structure on H coincide with the 
connected components of the preimages under S of K-orbits under the left multiplications 
on G/K. 

Consider now a quotient Poisson group 5" of H, that is 5" is a quotient group of H 
and the ring C[S] C C[iy] is a Poisson subalgebra. Let U be the kernel of the quotient 
homomorphism cp : H ^ S, let s = Lie S, u = Lie U and dcp : f) — > s the Lie algebra 
quotient map. Then u is an ideal in I) and we identify s* with a subspace of [)* = 6 by 
taking C under the invariant form and intersecting it with t. Then for p & S the 
linear map: 7^ : s* ^ 5 giving rise to the Poisson structure is given by: 

where p G if is any representative of p (7^ is independent of the choice of p) . 

The construction of the Manin triple corresponding to the Poisson manifold S is obtained 
from the following simple fact: 

Lemma. Let (g, f), t) be a Manin triple of Lie algebras, and letudl) be an ideal such that 
(in q) intersected with t is a subalgebra of the Lie algebra t. Then 

(a) is a subalgebra of q and u is an ideal of u-^ . 

(b) (u-'-/u, f)/u, B nu"*-) is a Manin triple, where the bilinear form on is induced by 
that on g. 

Proof is straightforward. □ 

4.3. In the remaining sections we will apply the above remarks to the Poisson groups 
associated to the Hopf algebra Ue and its Hopf subalgebra Be := and will derive some 
results on representations of the algebra B^- Prom now on e is a primitive £-th root of 1 
where £ > 1 is relatively prime to d. 

Let Zq (resp. Zq) be the subalgebra of We (resp. Bg) generated by the elements with 
n G R (resp. a G -R"*") and with [3 E P. (We assume fixed a reduced expression of wq\ 
Zq and Zq are independent of this choice [DKl].) Recall that they are central subalgebras 
(Proposition 3.1). 

It was shown in [DKl] that Zq and Zq are Hopf subalgebras, hence Spec Zq and 
Spec Zq have a canonical structure of an affine algebraic group. Furthermore, since tie is 
a specialization of the algebra U ai q = e, the center Z^ of Us posesses a canonical Poisson 
bracket given by the formula: 

[a,b] 

{a,b} = _ mod(Q-£), a,b e Z^, 
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where a denotes the preimage of a under the canonical homomorphism U ^ Ug. The 
algebras Zq and Zq are Poisson subalgebras of Zg, thus Spec Zq and Spec Zq have a 
canonical structure of Poisson algebraic groups, Spec Zq being a quotient Poisson group 
of Spec Zq. 

In [DKPl] an explicit isomorphism was constructed between the Poisson group Spec Zq 
and a Poisson group H which is described below. We shall identify these Poisson groups. 

Let G be the connected simply connected algebraic group associated to the Cartan 
matrix (a^) and let be its (complex) Lie algebra. We fix the triangular decomposition 
= u_ + t + u+, let h± = t + U-t, and denote by (.|.) the invariant bilinear form on g which 
on the set of roots R G t* coincides with that defined in Section 2.1. Let U±, B± and T 
be the algebraic subgroups of G corresponding to Lie algebras u±, b± and t. Then as an 
algebraic group, H is the following subgroup of G x G: 

H = {{tu+,t-^u-)\teT, u±eU±}. 

The Poisson structure on H is given by the Manin triple (s © 5, f), £), where 

[} = {{t + u+, -t + u_)\tei,u±eu±}, 

^ = {{9,9)\9^d}, 

and the invariant bilinear form on g © g is 

((a;i,a;2) 1(^1,^2)) = -{xi\yi) + {x2\y2)- 

We identify the group = H/{{1, U-)\u- G U-}. The Manin triple generating Poisson 
structure on is obtained from (0©0, f), t) by taking the ideal u = {(0, ti_ G u_} and 
applying the construction given by Lemma 4.2. We clearly obtain the triple (g©t, b_|_, b_), 
where we used identifications 

b± = {{u± - t, ±t)\u± G U±,t G t}. 

According to the general recipe of Proposition 4.2, the symplectic leaves of the Poisson 
group are obtained as follows. We identify the groups B± with the following subgroups 
of G X T: 

B± = {(t~^w±,t^^)|t eT,u±e U±}. 

The inclusion 5+ G G x T induces an etale morphism 

6: B+^{Gx T)/B-. 

Then the symplectic leaves of are the connected components of the preimages under 
the map 5 of i?_-orbits on G x T/B- under the left multiplication. 

In order to analize the S_-orbits on G x T/B_ , let /x± : B± — > T denote the canonical 
homomorphisms with kernels U± and consider the equivariant isomorphism of i?_ -varieties 
7 : G/U- ^ {Gx T)/B- given by -i{gU-) = {g, where B- acts on G/U- by 



(4.3.1) 



b{gU^) = bgii^{b)U. 
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Then the map 5 gets identified with the map 6 : G/U- given by 

5{h) = bii+{b)U-. 

We want to study the orbits of the action (4.3.1) of S_ on G/U-. Consider the action 
of 5- on G/B- by left multipHcation. Then the canonical map tt : G/U- — > G/B- is 
i?_-equi variant, hence n maps every i?_-orbit O in G/U- to a i?_-orbit in G/B-, i.e., 
a Schubert ceU C„ = B_wB_/B_ for some w e W. We shaU say that the orbit O is 
associated to w. 

REMARK. We have a sequence of maps: 

B+^{Gx T)/B_ G/U- A G/B+. 
Let = TT o 7-1 o 5 and X^^, = S+ fl B_wB_. Then: 

7r-i(C„) = B_wB_/U- and ip~\G^) = X„. 
We can prove now the foUowing 

Proposition. Let O be a B --orbit in G/U- under the action (4-3.1) associated towE W. 
Then the morphism: 

7t\o '■ O — >• Cu; 

is a principal torus bundle with structure group: 

:= {w-\t)t-\ where t e T}. 

In particular: 

dim O = dim C„ + dim = l{w) + rank{I - w). 

Proof. For g E G we shall write [g] for the coset gU- . The morphism n is clearly a principal 
T-bundle with T acting on the right by [g]t :— [gt]. The action (4.3.1) of B- commutes 
with the right T-action so that T permutes the S_-orbits. Each S_-orbit is a principal 
bundle whose structure group is the subtorus of T which stabilizes the orbit. This subtorus 
is independent of the orbit since T is commutative. In order to compute it we procede 
as follows. Let [gi], [g2\ be two elements in O mapping to w e Cyj. We may assume that 
gi = nh, g2 = nk with h,k E T uniquely determined, where n G Ng{T) is representative 
of w. Suppose that b[nh] = b[nk], b G B-. We can first reduce to the case b = t E T; 
indeed, writing b — ut we see that u must fix w G hence un — nu' with u' G U- and 
hence u acts trivially on t[nh]. Next we have that, by definition of the T-action (4.3.1), 

[nk] = [tnht~^] = [n{n~^tnht~^)] 

hence k = n~^tnht~^ or k = h{h~^n~^tnht~^) = h{n~^tnt~^) as required. □ 
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Lemma. Let O C be a symplectic leaf associated to w. Then OT = Xyj. 

Proof. From our proof we know that the map 5 is a principal T-bundle and T permutes 
transitively the leaves lying over C^,. □ 

We thus have a canonical stratification of B^, indexed by the Weyl group, by the subsets 
. Each such subset is a union of leaves permuted transitively by the right multiplications 
of the group T. 

We say that a point a e SpecZg" = B+ lies over w if V'(a) ^ C'w- 

4.4. Recall that T = ®zQ^ and therefore any A G P = Homz(Q^, C^) defines a ho- 
momorphism (again denoted by) A : T — ^ . For each t e T we define an automorphism 
Pt of the algebra by: 

pt{K^) = a{t)Ka, Pt{Ea) = a{t)E^. 

Note that the automorphisms Pt leave Zq invariant and permute transitively the leaves of 

each set il^~^{Cw) C 

Given a e B^ — Spec Zq", denote by the corresponding maximal ideal of Zq and 

let 

Aa = Bs/maBe. 

These are finite-dimensional algebras and we may also consider these algebras as algebras 
with trace in order to use the techniques of [DKP2] . 

Theorem. If a,b E Spec Zq lie over the same element w e W, then the algebras Aa and 
At, are isomorphic (as algebras with trace). 

Proof. We just apply Proposition 4.1 to the vector bundle of algebras Aa over a symplectic 
leaf and the group T of algebra automorphisms which permutes the leaves in 4'~^{Cw) 
transitively. □ 

4.5. Let := B+ f] wB-w'^ and U"" := U+ f] wU-w'^ so that = U'^T. Set also 

'■= U+ n wU+w~^. One knows that dimS^ = n + l{w) and that the multiplication 
map: 

a: Uyj X B"" ^ B+ 
is an isomorphism of algebraic varieties. We define the map 

p^: B+^B^ 

to be the inverse of a followed by the projection on the second factor. 
Proposition. The map 

Pw\x^ '■ B"^ 

is birational. 

Proof. We need to exhibit a Zariski open set C -B^ such that for any b E Cl there is a 
unique u G with ub G X^. 

Let n G Ng{T) be as above a representative for w so that: 

= {b E B+\b = binb2, where 6i, 62 G 
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Consider the Bruhat cell B_n C G. Every element in B_n can be written 

uniquely in the form: 

hn~^u, where h e n~^B'^n, u e 

The set B+U- = B+B- is open dense and so it intersects B-n~^B- = n~^B^U- in a 
non-empty open set which is clearly 5_ -stable for the right multiplication, hence 
B+B- n B-n-^B- = n-'^nU- for some non empty open set Q C B^. In particular 
Q C nB+B- = nU^B'^U-. Take b E Q and write it as 6 = nxcv with x e U^, c e 
B'^, V e U-. By the remarks made above this decomposition is unique; furthermore, 
nxn~^ G Uw, ncn~^ G For the clement n~^b — xcv we have by construction that 

xcv G B-n~^B- and nx~^n~^b = (ncn~^)nv G B^nB^ and nx~^n~^ G Uw Thus setting 

u :— nx~^n~^ we have found u G such that ub G Xyj. This u is unique since the element 
X is unique. □ 

We are ready now for the concluding theorem which is in the spirit of the conjecture 
formulated in [DKPl]. 

Theorem. Let p G Xyj be a point over w E W and let Ap be the corresponding algebra. 
Assume that I is a good integer. Then the dimension of each irreducible representation of 

Ap is divisible by ;5(K"')+'-ank(i-«;)) _ 

Proof. Consider the algebra B"^ for which we know by Theorem 3.5 that 

degB^ = ;i(Kw)+rank(l-w))_ 

The subalgebra Zq^^ of Zq generated by the elements K^^ and -E^, where A G P and a G -R"*" 
is such that —w~^a G i?"*", is isomorphic to the coordinate ring of B^ , and i3™ is a finite 
free module over Zo,u,. Thus by [DKP2] there is a non empty open set A of B'^ such that 
for p E A any irreducible representation of B'^ lying over p is of maximal dimension, equal 
to the degree of Now the ideal / defining Xyj has intersection with Zq^^ and so 
when we restrict a generic representation of lying over points of to the algebra B'^ 
we have, as a central character of Zq^^, a point in A. Thus the irreducible representation 
restricted to B"^ has all its composition factors irreducible of dimension equal to deg^B^. 
This proves the claim. □ 

It is possible that the dimension of any irreducible representation of whose central 
character restricted to Z^ is a point of is exactly £2W'^)+'^^"-^('^-'^)) . This fact if true 
would require a more detailed analysis in the spirit of Section 1.3. 

We would like, in conclusion, to propose a more general conjecture, similar to one of 
the results of [WK] on solvable Lie algebras of characteristic p. 

Let A be an algebra over C[q,q~^] on generators xi, . . . ,Xn satisfying the following 
relations: 

where (hij) is a skew-symmetric matrix over Z and Pij G C[q, q~'^] [xi, . . . , Xi-i]. Let £ > 1 
be an integer relatively prime to all elementary divisors of the matrix (hij) and let e be a 
primitive i-th root of 1. Let Ag = A/{q — e) and assume that all elements xf are central. 
Let Zq = C[x{, . . . , x^]; this algebra has a canonical Poisson structure. 
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Conjecture. Let tt be an irreducible representation of the algebra and let C 
Spec Zq be the symplectic leaf containing the restriction of the central character of tt to 
Zq. Then the dimension of this representation is equal to £2 dimO^ 

This conjecture of course holds if all are 0, and it is in complete agreement with 
Theorems 1.6, 3.5 and 4.5. 
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